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ON DEGENERATE CARLITZ g-BERNOULLI POLYNOMIALS 


TAEKYUN KIM 


Abstract. In this paper, we consider the degenerate Carlitz g-Bernoulli num¬ 
bers and polynomials and we investigate some properties of those polynomials. 


1. Introduction 


Throughout this paper, Zp, Qp and Cp will, respectively, denote the ring of p- 
adic rational integers, the field of p-adic rational numbers and the completion of 
the algebraic closure of Qp. Let Up be the normalized exponential valuation of Cp 
with pp = p~'^p(P^ = i. When one talks of g-extension, g is variously considered as 
an indeterminate, a complex number g S C, or p-adic number g G Cp. If g G C, we 
assume that |g| <1. If g G Cp, we assume |g— l|p < p~^ so that = exp(xlogq) 
for I a; Ip < I. We use the notation [x\q = Note that limg_j.i = x. 

In [3], L. Carlitz considered g-Bernoulli numbers as follows: 


/3o.q = 1 , g(g/3g + !)"■ 


, ifn = l, 

- S /A ■ r -1 

[ 0 , if n>l, 


( 1 . 1 ) 


withe the usual convention about replacing /3” by (3n,q- The g-Bernoulli polynomials 
are dehned by 


I3n,q{x) (see 0). 

1^0 ^ ' 


( 1 . 2 ) 


In [2], L. Carlitz defined the degenerate Bernoulli polynomials which are given 
by the generating function to be 


f fU 

- -—T--(1 +At)^ = ^/3„(a;|A) —, (see [2l|3]). (1.3) 

(1 + AC^-l „=o 

When a: = 0, /3„(x)(A) = /3„(0|A) are called the degenerate Bernoulli numbers. Note 
that limA^-o /3n(a:|A) = Bn{x), where Bn{x) are ordinary Bernoulli polynomials. 

Let UD{Zp) be the space of uniformly differentiable function on Zp. For / G 
UD{’Lp), the p-adic q-integral on Zp is defined by Kim to be 


tif) = [ f{x)dpq{2 

U Zn 


= lim 


N-i-co [p^] 


-E 

Q x—0 


f{x)q^, (see [6]). 


(1.4) 


The Carlitz’s g-Bernoulli polynomials can be represented by p-adic g-integral on Zp 
as follows: 


[x + y]qdpq{y) = Pn.qix), (u > 0). 


(1.5) 
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Thus, by (II. 41) . we get 


fIL 

= ^Pn,qix) — , (see [1-8]). 


( 1 . 6 ) 


n—0 


From (HH), we can derive the following equation; 

1 ^ \ -1-1 

= (1.7, 

In this paper, we consider the degenerate Carlitz g-Bernoulli polynomials and num¬ 
bers and we investigate some properties of those polynomials. 


2. Degenerate Carlitz (j-Bernoulli numbers and polynomials 

In this section, we assume that X,t G Cp with jAtjp < p~p^ . In the viewpoint of 
we consider the degenerate Carlitz q-Bemoulli polynomials which are given 
by the generating function to be 


fU 

{1 + Xt)^^^+y^'^dpq{y) = ^ l3n,q{x\X)—. 


n—0 


( 2 . 1 ) 


When X = 0, Pn,qiX) = /3„_5(0|A) are called the degenerate Carlitz q-Bernoulli 
numbers. 

Now, we observe that 

f u+h1o r /l^±llk\ 

/ {1 +Xt)^^dpq{y) ^ \dpq{y)X^C 


n=0 
oo f. 




n—0 ^P 


[a; + y]c 


where 




[X + V]q 




X+V]q 


dpq{y)X' 


- n -I-1). 




Now, we define [x + y\n,x as 

[x + y]n,\ = [x -F y]q ([x -H y], - A) • • • ([x -F y\q - in - 1)A), (n > 0). 
Therefore, by dH]), ^ and (El, we obtain the following theorem. 
Theorem 2.1. For n > 0, we have 

/ [a; + y]n,\dpq{y) = Pn,q(.x\X). 


( 2 . 2 ) 


(2.3) 


Let S'i(n, to) be the Stirling number of the first kind which is defined by (x)„ = 
SLo 0a;^ (r > 0). Then, by (12.21) . we get 


[a^ + yh 


n p 

dlJ-q{y) ='^Si{n,l)X~‘ [x + yyqdpq{y) 
1=0 


= '^Si{n,l)X ’■Pifx). 


(2.4) 


1=0 


Therefore, by (12.211 and (12.411 . we obtain the following theorem. 
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Theorem 2.2. For n >0, we have 

n 

Pn,q{x\\) = Sl{n, 
1=0 

Note that limA->o/3n.g(a;|A) = Pn,qix). 
Corollary 2.3. For n > 0, we have 


1^0 i=0 




\n—l 


[j + i]. 


We observe that 


(1 + =e^ ^ (log(l + At)) 

n=0 ^ 


= E 


[x + y]g\"' 1 . , .A"C 


m—0 
oo / n 


ml 


-m! Si{n, 


m) 


nl 


(2.5) 


= E E '"S'i(n,m)[ai + y]( 


n—0 \m=0 


Thus, by (12.51) . we get 


(1 +At)^^dAi,(?/) I ^ A" ™S'i(n,m)/ [x + y\^d^lq[x) V— 


OO / n 


n—0 \m—0 
oo / n 


n—0 \ni—0 

Replacing t by (e^‘ — l) in m, we get 


= E E A"-™5i(n,m)/3^.,(x) -. 


P ^ 11 

/ e[-+^l^‘d/.,(y) = ^ /3„,,(x|A)-— (e^‘ - l)' 


m—0 

oo 


= ^ /3„,,(x|A)A-™ ^ 52(n, 


A"C 


m 


( 2 . 6 ) 


?71=0 
OO / n 


= E E/3-.9(^|A)A"-™^2(n,m) 


n=0 \m=0 


where S 2 {n,m) is the Stirling numbers of the second kind. 
We note that the left hand side of (1^ is given by 


,[x+y],t 


^ P fn 

d^^qiy)=Y [^ + y]qdyqiy) — 

_n./z„ ni 


n—0 
oo 


(2.7) 


= E/3n.,(x)^. 


n—0 


Therefore, by (12.61) and (12.71) . we obtain the following theorem. 
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Theorem 2.4. For n > 0, we have 


n 

m—0 


Note that 


[x-\-y\q ^ [a:]q [y]q 

(1 + \t)^^ =(1 + At)^(l + \t)^- 


= 1 L j [Y TF- 


/ CO 


ii 


fftl ^ ^ oo / A) \ j.}c 

\m—0 / \A:=0 \l—0 


CO / n 


= E EENn-fe.AA'=-'g'"[y]'5i(fc,0 


n\ \ F 


n—0 \k—0 l—O 



nl 


( 2 . 8 ) 


Thus, by (j2.8ll . we get 


±n 

n—0 


CO / n k „ 

=E EE [^]n—A:, aA q I [y]^dfiq(^y'jSi(^k^l') 

n=0 \k=0 1=0 






t" 

n! 


n! 


(2.9) 


Therefore, by (12.3p . we obtain the following theorem. 
Theorem 2.5. For n > 0, we have 


n k y \ 

l3n,q{x\X) =EE [^jMn-k,\X''~'^q'‘^Si{k,l)Pi^g. 
k=o 1=0 A A 


For r G N, we define the degenerate Carlitz q-Bernoulli polynomials of order r 
as follows: 


r® 1 “I"®] q 

(1 + At) A dpi{xi) ■ ■ ■ dpq{Xr) 


-j-IL 

=i:4<:>(x|a)3. 


( 2 . 10 ) 


n—0 
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We observe that 


[xi H-1-a^r+ ®] 

(1 + At) dHq{xi) ■ ■ ■ dfiq{Xr) 


OO n n 

m=0 


[Xi-\ - \-Xr+ x]^dflq{xi) ■ ■ ■ dfXqiXr)—: (log(l + At)) 

^ ml 




m—0 
oc / n 


n—0 \?7i=0 


= E ( E A"-’”/3W 5i(n,m) ) 


(r) 

where (im,q are the Carlitz g-Bernoulli numbers of order r. 

Therefore, by (12.101) and (12.111) . we obtain the following theorem. 

Theorem 2.6. For n > 0, we have 

n 

m—0 

Replacing t by j (e^* — l) in (12.101) . we have 

f -I el"^+-+"-+"l«‘d/r,(xi)---dM,(x,) 

J Zp J Zp 

= f; <Vx|A)^A-"‘ (e“ - 1)" 

m—0 

OO OO 

= E /3L"?,(^|a)a-™ E 




(n, m 


m=0 

OO / n 


= E E A-'"/3W,(^|A)^2(n,m) -. 


n—0 \m=0 

The left hand side of ()2.12p is given by 


[ -I et"i+-+"’-+"l->*d/r,(xi)---d/r,(x,) 
Jz^ 




n—0 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


By comparing the coefficients on the both sides of (12.121) and (I2.13P , we obtain the 
following theorem. 

Theorem 2.7. For n > 0, we have 

n 

= E A-™52(n,m)/3W,(x|A). 

m=0 
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We recall that 


p"-i 


f 1 ^ 

'J'S^v ^_n 


x—0 
dp^-1 


= lim 


W-J-oo [dp^]q 


E 


rc=0 


where d G N and / G UD{Zp). 
Now, we observe that 


n « 

l3n,qix\X) = E'S'i(’^>0^"“' / [a; + 2/]grfM<j(y), 
/=0 


and 


m —1 


[x + yfqdpqiy) =-p-p E d"[m\q 


J9 i=0 

m —1 


cc + i 


11 


+ y 


dyqm{y) 


= {m]q ^ E 


i=0 


X + i 


m 


where I G Z>o and m G N. 

Therefore, by (|2.14|) and (I2.15|) . we obtain the following theorem. 
Theorem 2.8. For n > N>o, m G N, we have 

n m —1 

l3n,q{x\X) = E E Si{n,l)X^~\m]'-~^q'‘j3i^qm 

1^0 i^O 

From (|1.4p . we note that 

qiqih) - W) = (9 - 1 )/( 0 ) + ^/'( 0 )> 



where /'(O) = ^ 

By (I2.16p . we get 

g/3„,,(x+l|A)-/3„,,(x|A) = (g-l)A” Si{n,l)X^-H[x\\-\- 

\ d n 


where n G N. 

Therefore, by (I2.17p . we obtain the following theorem. 
Theorem 2.9. For n >0, we have 


qldn,q{x + 1|A) - l3n,qix\X) = {q - 1)A"' 



n —1 

E*5i(n,0A"-'/N'- 

Z=1 


(2.14) 


(2.15) 


(2.16) 


, (2.17) 
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